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Abstract
In this paper, we analyse the stability of extremal black brane horizons
with homogeneous symmetry in the spatial directions in five dimensional
gauged supergravity, under the fluctuations of the scalar fields about their
attractor values. We examine the scalar fluctuation equations at the lin-
earised level and demand that the fluctuations vanish as one approaches
the horizon. Imposing certain restrictions on the Killing vectors used for
gauging we find that the necessary conditions for stability are satisfied
only by a subclass of the Bianchi metrics whose symmetry group factorises
into a two dimensional Lifshitz symmetry and any homogeneous symme-
try group given by the Bianchi classification. We apply these results to a
simple example of a gauged supergravity model with one vector multiplet
to find the stable attractors.
1
1 Introduction
The study of extremal black branes in anti-deSitter space has become a topic
of recent interest because of their appearance as candidates for gravity duals of
field theories describing condensed matter systems [1]. Several examples of such
solutions in the context of gravity coupled to a dilaton as well as to various scalars
and gauge fields have been studied [2, 3].
In addition to their relevance as gravity duals to condensed matter field theo-
ries, such black brane geometries also appear in natural extensions of the attractor
mechanism to gauged supergravities [4–10], there by providing a larger class of
configurations for studying the thermodynamics of black holes. A classification
of such configurations which are homogeneous but not isotropic has also been
carried out in [11, 12]. These attractor geometries, known as the Bianchi attrac-
tors, have a richer structure. They are characterised by constant anholonomy
coefficients and are regular. In a number of cases belonging to Bianchi type I,
they can be obtained either from a gauged supergravity theory or from string
theory by a suitable choice of the internal manifold for compactification [13–15].
A prescription has been given to obtain such generalised attractors from gauged
supergravity [16]. In this framework one sets all the fields and the curvature
components to constants in the tangent space. Following this prescription, in
a previous work [17], we embedded some of the Bianchi attractors [11] in five
dimensional gauged supergravity. We considered a simple gauged supergravity
model and constructed Lifshitz, Bianchi II and Bianchi VI solutions.
One of the important issues being investigated currently is the stability of such
Lorentz violating geometries [18–23]. Instabilities due to scalar field fluctuations
were found to exist in a class of charged black brane geometries [24,25]. Presence
of such instabilities in these solutions plays a crucial role because they indicate
that the geometry might get corrected in the deep infrared [20]. Though the
stability analysis has been carried out in a number of examples, a common recipe
(to figure out whether certain geometry has any instability) is still lacking.
Though the attractor mechanism 1 has been studied quite extensively in the
context of extremal black holes in Minkowski space with near horizon geometry
AdS2 × S2, the study of generalised attractors has not yet been explored thor-
oughly for the new class of Lorentz violating geometries arising as gravity duals
of condensed matter systems. Especially, it is not at all obvious which among
these entire class of new attractor geometries are stable and can survive in the
deep infrared. Since a number of such geometries can be embedded in gauged
supergravity, where the scalar couplings and potential term are determined by
symmetry, it is natural to ask whether these gauged supergravity attractors are
stable.
1See [26–29] for some early works and the reviews [30, 31] for a detailed analysis of the
attractor mechanism.
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In this paper, we analyse the stability of electrically charged Bianchi attractors
in gauged supergravity. For attractors which asymptote to Minkowski space
the conditions for stability is well understood [32]. In such cases the attractor
values of the scalar fields must correspond to an absolute minimum of the black
hole potential. In the present paper we derive the analogous condition for the
generalised attractors. We consider scalar fluctuations about the attractor value
and analyse the scalar field equations in the background of the Bianchi geometries.
We take the fluctuations to depend on time and on the radial direction as we are
mainly interested in determining the radial behaviour. We study the stress energy
tensor in gauged supergravity and expand it in first order of scalar fluctuations.
We find that the stress energy tensor in gauged supergravity depends on the
scalar fluctuations even at first order perturbation due to non-trivial interaction
terms in the theory. If there is a large backreaction due to scalar fluctuations,
the geometry would significantly differ from the attractor geometry indicating
an instability. Therefore, stable attractor geometries are those where the scalar
fluctuations die out as one approaches the horizon.
We then study the scalar field equations with the fluctuations at first order,
determine the general solution and the conditions under which these fluctuations
can exist. These conditions are such that the generalised attractor geometries
must exist at critical points which are maxima of the attractor potential. We then
derive conditions for stability of the Bianchi attractors in gauged supergravity
by studying the near horizon behaviour of the scalar fluctuations and demanding
regularity. In particular, we find that this severely restricts the general form of
these metrics.2 We find that metrics which factorise as
ds2 = L2
[
−rˆ2u0dtˆ2 + drˆ
2
rˆ2
+ ηijω
i ⊗ ωj
]
, (1)
are stable under scalar fluctuations about the attractor value. The parameter u0
must be positive in order to have a regular horizon, i = 1, 2, 3 corresponds to
the xˆ, yˆ, zˆ directions, ηij is a constant matrix independent of co-ordinates and ω
i
are the one forms invariant under the homogeneous symmetries.3 We call this
special sub class of metrics as Lifu0(2)×M .4 Note that the symmetry group of (1)
factorises into a direct product of a 1+1 dimensional non-relativistic conformal
group times a homogeneous group of symmetries in three dimensions. The metric
2In deriving this result, we make certain technical assumption on the killing vectors used
in gauging, as well as on the nature of the critical points giving rise to the attractor geometry
which will be discussed in due course.
3For more details on the homogeneity and invariant one forms, see [11, 33, 34].
4The notation Lifu0(d) has been used in the literature to denote the d dimensional Lifshitz
metric with exponent u0. The three dimensional submanifold M is constructed from one forms
invariant under the homogeneous groups given by the Bianchi classification, there are 9 such
submanifolds each denoted as MI ,MII , . . .MIX .
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has the scaling symmetry,
rˆ → αrˆ, tˆ→ tˆ
αu0
, (2)
and homogeneous symmetries generated by the Bianchi groups along the xˆ, yˆ, zˆ
directions. When u0 = 1, we get an AdS2 factor and the symmetry is enhanced
to SO(2, 1)×M . This factorisation is reminiscent of extremal black holes in four
dimensions where the near horizon geometries factorise as AdS2 × S2.
The organisation of the paper is as follows. In §2 we give a brief background
on gauged supergravity and generalised attractors. Subsequently, in §3.1 we
describe the field equations satisfied by the gauge field fluctuations. Following
which, we describe the scalar fluctuations about the attractor values followed
by an expansion of the stress energy tensor with the fluctuations in §3.2. We
then derive the general solutions for the scalar fluctuations and describe the
conditions under which these fluctuations exist in §3.3. Following this we study
the near horizon behaviour of the fluctuations and derive stability conditions for
the Bianchi attractors in §3.4. In appendices §A and §B we give some background
material on a simple gauged supergravity model. In §B.1 we have summarised
some examples of Bianchi attractors in gauged supergravity from our earlier work.
Finally, in §C we have provided some new examples of Lifu0(2) × M class of
metrics in a U(1)R gauged supergravity.
2 Gauged supergravity and generalised attrac-
tors
In this section, we briefly summarise some necessary background in gauged su-
pergravity and generalised attractors. We switch off the tensor as well as the
hyper multiplets and turn on only the vector multiplets. The bosonic part of the
N = 2, d = 5 gauged supergravity is then given by by [35]:
eˆ−1LN=2Bosonic =−
1
2
R− 1
4
aIJF
I
µνF
Jµν − 1
2
gxyDµφxDµφy
− V(φ) + eˆ
−1
6
√
6
CIJKǫ
µνρστF IµνF
J
ρσA
K
τ . (3)
Here eˆ =
√−detgµν and aIJ is the ambient metric used to raise and lower the
vector indices and gxy is the metric on the moduli space. The moduli space
spanned by the real scalar fields φx is a very special manifold. It is completely
specified in terms of constant symmetric tensors CIJK by the hypersurface:
CIJKh
IhJhK = 1, hI ≡ hI(φ). (4)
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The group of isometries of this manifold is denoted by G. The gauging is specified
in terms of a subgroup K ⊂ G generated by the Killing vectors KxI . The covariant
derivatives on the scalars are given in terms of the Killing vectors KxI as:
Dµφx ≡ ∂µφx + gAIµKxI (φ) . (5)
The potential term is given by,
V(φ) = −g2R[2PijP ij − P a˜ijP a˜ij ], (6)
where gR is the gauge coupling constant associated with gauging the R symmetry
group and
Pij ≡ hIPIij, P a˜ij ≡ ha˜IPIij. (7)
Here i, j = 1, 2, a˜ = 0, 1, . . . nV and for the case of U(1)R ⊂ SU(2)R gauging,
PIij = VIδij .
In the following, we give various field equations of this theory that are nec-
essary for the stability analysis. All the equations are written in position space
for the purpose of this paper. It was shown in [17] that all the field equations
become algebraic at the attractor points defined by,
φx = const ;AIa = const ; c
a
bc = const, (8)
where c abc are called as the anholonomy coefficients (see §A for a detailed discus-
sion).
The gauge field equation is:
∂µ(eˆaIJF
Iµν) = eˆ(g2KIJA
νJ + gKIy∂
νφy), (9)
where we have defined KIJ = K
x
IK
y
Jgxy. Note that we have ignored the Chern-
Simons term, since it vanishes for the Bianchi attractors [17]. At the attractor
points, the equation simplifies to,
aIJ |φc∇µF Iµν = g2KIJ |φcAνJ (10)
The equation of motion for the scalar fields φx is given by:
eˆ−1∂µ
[
eˆ gzyDµφy
]− 1
2
∂gxy
∂φz
DµφxDµφy − gAIµgxy
∂KxI
∂φz
Dµφy
− 1
4
∂aIJ
∂φz
F IµνF
Jµν − ∂V(φ)
∂φz
= 0 , (11)
where as the Einstein’s equation is:
Rµν − 1
2
Rgµν = Tµν . (12)
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The stress energy tensor Tµν has the expression:
Tµν =gµν
[
1
4
aIJF
I
µνF
Jµν +
1
2
gxyDµφxDµφy + V(φ)
]
−
[
aIJF
I
µλF
J λ
ν + gxyDµφxDνφy
]
. (13)
At the attractor points the scalar field equation reduces to minimisation of the
attractor potential,
∂Vattr(φ,A)
∂φ
= 0, (14)
which has the expression:
Vattr(φ,A) = V(φ) + 1
2
g2KIJA
I
µA
µJ +
1
4
aIJF
IµνF Jµν . (15)
The critical points of the attractor potential are denoted as φc, and solving
(14) relates φc in terms of the charges. In [17] we considered a simple gauged su-
pergravity model with one vector multiplet and constructed examples of Bianchi
attractors. Some details of the gauged supergravity model and the Bianchi at-
tractor solutions are provided in appendices §B and §B.1 respectively.
3 Scalar Perturbation about attractor values
In this section, we consider the fluctuations of the scalar fields about their at-
tractor value. We take the fluctuation to be of the form,
φc + ǫδφ(r, t), (16)
where t denotes the time, r is the radial direction, φc are the attractor values of
the scalars and δφ is the perturbation with ǫ < 1. We have taken the fluctuation
to not depend on the (x, y, z) directions to respect the Bianchi type symmetries
along these directions. Besides, we are primarily interested in the radial behaviour
of the fluctuation as one approaches the horizon. We also assume that the black
brane metric can be expanded about the near horizon geometries as follows,
g˜µν ∼ gµν(r − rh) + ǫ γµν(r − rh) +O(ǫ2) + . . . , (17)
where gµν is the near horizon metric given by the Bianchi type geometries. The
higher order terms like γµν are due to the back reaction of the scalar field fluctu-
ations on the attractor geometry.
6
3.1 Gauge field fluctuations
We also consider gauge field fluctuations together with scalar and metric fluctua-
tions. In this subsection, we derive the gauge field fluctuation equation in terms
of scalar fluctuations. Let us consider fluctuations of the form
AIµ + ǫδA
I
µ, (18)
where AIµ are the attractor values of the gauge field for any given Bianchi metric.
The field strength expands as,
F Iµν + ǫF
Iδ
µν , F
Iδ
µν = ∂µδA
I
ν − ∂νδAIµ (19)
We now expand the scalars and gauge fields about the attractor value in (9) to
get,
aIJ |φc∇µF Iµνδ − g2KIJ |φcδAνJ =−
(
∂aIJ
∂φz
∣∣∣∣
φc
∇µ(F Iµνδφz)− g2∂KIJ
∂φz
∣∣∣∣
φc
δφzAνJ
)
+ gKIy|φc∂νδφy, (20)
where we have used (10) for simplification. Note that we did not have to consider
metric fluctuations in the above equation, since it would lead to second order
terms. It can be seen that regular behaviour of the gauge field fluctuations
depend on regularity of the scalars and their derivatives near the horizon. In
other words, the gauge fluctuation is not independent of the scalar fluctuation
but varies as δAµI ∼ δφx. Subsequently in §3.3 we will argue that, for stable
attractors the scalar field fluctuation δφx must vanish at the attractor point.
The above analysis shows that the attractor which is stable against scalar field
fluctuation is also stable against gauge field fluctuation.
3.2 Backreaction at first order
We now expand the stress energy tensor (13) up to first order in ǫ under the
scalar perturbations (16), and simplify, to get:
Tµν(φc + δφ) =T
attr
µν |φc + gKyI |φc
(
AλI∂λ(δφ
y)gµν − AIµ∂ν(δφy)− AIν∂µ(δφy)
)
+
[
∂aIJ
∂φz
∣∣∣∣
φc
(
1
4
gµνF
λσIF Jλσ − F IµλF J λν
)
+ g2
∂KIJ
∂φz
∣∣∣∣
φc
(
1
2
gµνA
I
λA
λJ −AIµAJν
)
+
∂V
∂φz
∣∣∣∣
φc
]
δφz , (21)
where we have introduced
T attrµν |φc = Vattr(φc)gµν −
[
aIJ |φcF IµλF λJν + g2KIJ |φcAIµAJν
]
. (22)
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The attractor equations (14) can be used for further simplification to get,
Tµν(φc + δφ) =T
attr
µν |φc + gKyI |φc
(
AλI∂λ(δφ
y)gµν − AIµ∂ν(δφy)− AIν∂µ(δφy)
)
−
[
∂aIJ
∂φz
∣∣∣∣
φc
F IµλF
J λ
ν + g
2∂KIJ
∂φz
∣∣∣∣
φc
AIµA
J
ν
]
δφz. (23)
It is already clear that for general perturbations of the scalar field, there is back-
reaction at first order even after using the attractor equations. In particular
this requires the fluctuations and their derivatives to be well behaved as one ap-
proaches the horizon. Any divergent fluctuation would cause infinite backreaction
and deviation from the attractor geometry indicating an instability. Taking the
trace of (23) we get,
T µµ (φc + δφ) =T
attrµ
µ |φc + (d− 2)gKyI |φcAλI∂λ(δφy)
−
[
∂aIJ
∂φz
∣∣∣∣
φc
F IµνF
Jµν + g2
∂KIJ
∂φz
∣∣∣∣
φc
AIµA
Jµ
]
δφz, (24)
where d is the space time dimension. Once again we can use the attractor equa-
tions (14) to simplify, and the Einstein equations take the form,
R
(2− d)
2
=T attrµµ |φc + (d− 2)gKyI |φcAλI∂λ(δφy)
+
[
g2
∂KIJ
∂φz
∣∣∣∣
φc
AIµA
Jµ + 4
∂V
∂φz
∣∣∣∣
φc
]
δφz. (25)
Suppose the critical points of the attractor potential are also simultaneous critical
points of the gauged supergravity scalar potential (as was the case with all the
examples discussed in [17]), we see that the terms relevant for the backreaction
are proportional to g:
R
(2− d)
2
= T attrµµ |φc + (d− 2)gKyI |φcAλI∂λ(δφy) + g2
∂KIJ
∂φz
∣∣∣∣
φc
AIµA
Jµδφz, (26)
Thus, for gauging of R symmetry, g = 0 and hence the backreaction is absent:
R
(2− d)
2
= T attrµµ |φc . (27)
(See §C for some examples of generalised attractor in gauged supergravity with
just R symmetry gauging). However, in gauged supergravity with a generic gaug-
ing of symmetries of the scalar manifold, the equation depends on the first order
fluctuations in the scalar fields. Thus, the generalised attractor geometries in
gauged supergravity with a generic gauging can get backreacted by fluctuations
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of scalar fields. It then follows that the relevant boundary conditions to have sta-
ble attractors should be such that the fluctuations and derivatives of fluctuations
vanish as one approaches the horizon.
The main point of the above calculation was to indicate that there are first
order scalar fluctuation terms present in the expansion of the stress energy tensor.
We now include the metric fluctuation as well and write down the linearised
Einstein equation:
∇α∇αγ¯µν + 2R α β(µ ν) γ¯βα − 2R β(µ γ¯ν)β + gµν(Rαβ γ¯αβ +
2
2−DRγ¯) +Rγ¯µν
+2T˙ attrµν (gαβ + ǫγαβ)|ǫ=0 = 0 . (28)
Our conventions are as in [39]. We denote γµν to be the first order perturbation
about the metric, the dot indicates derivative w.r.t ǫ, γ¯µν = γµν − 12γgµν , γ¯ =
2−D
2
γ, and γ = gµνγµν . All the covariant derivatives, Riemann tensor, Ricci
tensor and curvature terms are with respect to the unperturbed metric gµν . The
terms in the stress energy tensor dependent on the metric fluctuations are given
by,
T˙ attrµν (gαβ + ǫγαβ)|ǫ=0 =Vattr(φc)(γ¯µν +
2γ¯
2−Dgµν)
− (γ¯λσ + γ¯
2−Dgλσ)(
1
2
T λσattrgµν + aIJ |φcF I λµ F J σν ). (29)
To include the scalar fluctuations one just need to add (23) to (29). The condition
of stability boils down to the existence of a one parameter family of solutions to
(28) (see chapter 8 of [39]). The equation (28) is a very complicated set of
differential equations and exact analysis is possible only in the case of a flat
background or for a very specialised set of background metric [39]. Proof of
existence of a one parameter family of solutions in our attractor background is
beyond the scope of the current analysis and we leave a detailed analysis of this
for future work.
3.3 Scalar fluctuations
In this section, we will analyse the scalar fluctuations in detail using the equation
of motion for the scalar fields. The field equation (11) can be rewritten as:
eˆ−1∂µ
[
eˆ gzyDµφy
]− 1
2
∂gxy
∂φz
∇µφx∇µφy − g∂KIy
∂φz
AIµ∇µφy −
∂Vattr
∂φz
= 0. (30)
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We will now expand the scalar fields about their attractor values and keep terms
of O(ǫ) to get:
gzy|φc∇µ∇µδφy −
∂2Vattr
∂φz∂φy
∣∣∣∣
φc
δφy + g
[
∂KIz
∂φy
− ∂KIy
∂φz
]∣∣∣∣
φc
AµI∇µδφy
+ g
[
KIz|φc +
∂KIz
∂φy
∣∣∣∣
φc
δφy
]
∇µAµI = 0. (31)
Here the covariant derivative ∇µ is taken with respect to the zeroth order metrics
which represent the near horizon Bianchi geometries. Note that the higher order
metric terms which are undetermined are not required at O(ǫ). We choose the
gauge condition ∇µAµI = 0 to eliminate the last term. Finally we get,
∇µ∇µδφx − gzx ∂
2Vattr
∂φz∂φy
∣∣∣∣
φc
δφy + 2g (gzx∇˜yKIz)|φcAµI∇µδφy = 0, (32)
where ∇˜ is the covariant derivative with respect to the metric on the scalar
manifold gxy. The Laplacian operator can be written as,
∇µ∇µ = grˆrˆ∂2rˆ + g tˆtˆ∂2tˆ + (grˆrˆ
∂rˆ eˆ
eˆ
+ ∂rˆg
rˆrˆ)∂rˆ, (33)
since the scalar fluctuations depend only on the radial and time co-ordinates.
Before substituting the details we would like to make some comments on the
co-ordinate system used for writing the Bianchi attractor geometries. In [11] the
horizon for the Bianchi metrics was located at r = −∞, where as in [17] we have
chosen the co-ordinate rˆ = er such that the horizon lies at rˆ = 0 instead (also
see §(B.1)). As can be seen from the general form of the Bianchi metrics,
ds2 = L2
[
−rˆ2u0dtˆ2 + drˆ
2
rˆ2
+ rˆ2(ui+uj)ηijω
i ⊗ ωj
]
, (34)
the constants u0, ui must be positive in order to have a regular horizon. Here
the index i = 1, 2, 3 corresponds to the xˆ, yˆ, zˆ directions, ηij is a constant matrix
independent of the co-ordinates and ωi are the one forms invariant under the
homogeneous symmetries [11].
Thus one can see that the general form of the determinant is
eˆ =
√−detgµν ∼ L5rˆmf(x, y, z), (35)
where m = −1+∑l clul , ul are the various exponents and cl is a positive number
with c0 = 1 for all Bianchi attractors. For example, in the Bianchi II case (see
(84)) m = −1 + u0 + 2(u1 + u2). We can also see that,
grˆrˆ =
rˆ2
L2
, g tˆtˆ = − 1
L2rˆ2u0
, (36)
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for all Bianchi attractors. Using the above data, the Laplacian (33) can be
expressed as,
∇µ∇µ = 1
L2
[
rˆ2∂2rˆ + (m+ 2)rˆ∂rˆ −
1
rˆ2u0
∂2
tˆ
]
. (37)
Substituting (37) in (32) and using the ansatz (82) for AIµ we get,[
rˆ2∂2rˆ + (m+ 2)rˆ∂rˆ −
1
rˆ2u0
∂2tˆ
]
δφx −Mxy |φcδφy +Nxy |φc
1
rˆu0
∂tˆδφ
y = 0, (38)
where,
Mxy |φc = L2gzx
∂2Vattr
∂φz∂φy
∣∣∣∣
φc
, Nxy |φc = 2gLAI 0¯(gzx∇˜yKIz)|φc. (39)
The metric on the moduli space gxy is chosen to be positive definite and the
nature of the critical point is given by the sign of the double derivative of the
attractor potential. We further assume that Mxy |φc is diagonal so that,
Mxy |φcδφy = λδφx. (40)
The term Nxy can be non zero in general, but vanishes trivially for the gauged
supergravity model where we found some examples Bianchi attractors (see §(B)).
There is only one Killing vector (78) that generates the SO(2) isometry on the
scalar manifold, and the critical point is such that φ2c = φ
3
c = 0. Therefore one
is left with just the ∇˜xKIx component which vanishes due to the Killing vector
equation on the manifold.5
Thus, the scalar fluctuation equation (32) has the final form,[
rˆ2∂2rˆ + (m+ 2)rˆ∂rˆ −
1
rˆ2u0
∂2tˆ − λ
]
δφx = 0. (41)
The above equation admits a simple solution when the fluctuations δφx are
time independent. In this case, we have
δφx = C1r
(√
4λ+(1+m)2−(1+m)
)
/2 + C2r
(
−
√
4λ+(1+m)2−(1+m)
)
/2 (42)
Thus, one of the modes vanishes as r → 0 provided λ is positive and hence we
can get stable attractors upon setting C2 = 0. Unfortunately, the examples we
consider in this paper do not admit a critical point with λ > 0. Thus such
fluctuations are not stable.
5Here, the single surviving component of the Killing vector is along the direction of φ1 on
the scalar manifold.
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Now we turn to the case of time dependent fluctuations. Since the equation
for δφx is separable, we try the ansatz δφ(rˆ, tˆ) = f(rˆ)eiktˆ (with k real) to get the
Bessel equation: [
rˆ2∂2rˆ + (m+ 2)rˆ∂rˆ + (
k2
rˆ2u0
− λ)
]
f(rˆ) = 0 . (43)
The general solutions for this equation are given by the standard Bessel functions
(see, for example, [36], page 932):
f(X) =
(
X
2
)ν0[
C1Γ(1− νλ)J−νλ(X) + C2Γ(1 + νλ)Jνλ(X)
]
, (44)
where,
X =
k
u0rˆu0
, νλ =
√
(1 +m)2 + 4λ
2u0
, ν0 =
(1 +m)
2u0
, (45)
C1 and C2 are arbitrary constants, and
Jνλ(X) =
(
X
2
)νλ ∞∑
j=0
(−1)j
j!Γ(j + νλ + 1)
(
X
2
)2j
,
J−νλ(X) =
(
X
2
)−νλ ∞∑
j=0
(−1)j
j!Γ(j − νλ + 1)
(
X
2
)2j
. (46)
The power series representation is valid in the small X or equivalently, in the
large r regime. We can rewrite the solution in terms of the Hankel functions
Jνλ(X) =
1
2
(H1νλ(X) +H
2
νλ
(X)),
J−νλ(X) =
1
2
(H1νλ(X)e
iνλπ +H2νλ(X)e
−iνλπ), (47)
to get,
f(X) =
(
X
2
)ν0[
C1H
1
νλ
(X)
[
Γ(1− νλ)eiνλπ + Γ(1 + νλ)
]
+ C2H
2
νλ
(X)
[
Γ(1− νλ)e−iνλπ + Γ(1 + νλ)
]]
. (48)
As one can see from above equation, there is already a restriction on νλ from
the Gamma function that appears in the general solution. First let us consider
the case νλ real, then we have the condition,
νλ =
√
(1 +m)2 + 4λ
2u0
=
√
(
∑
l clul)
2 + 4λ
2u0
≤ 1, (49)
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for
− (
∑
l clul)
2
4
≤ λ < 0. (50)
Note that only negative λ can satisfy (49).6 Since cl > 0 and all the ul have to
be positive for the existence of a regular horizon, we conclude that λ has to be
negative. Remember that the sign of λ is provided by the double derivative of the
attractor potential eqs. (39,40). This implies that the critical points correspond
to maxima of the attractor potential. For the case of imaginary νλ we have,
λ < −(
∑
l clul)
2
4
, (51)
and hence, even in this case the critical points correspond to a maxima of the
attractor potential. Thus we have determined the general solution for the scalar
fluctuation (48) and and we find that they are well behaved at large distance
provided they satisfy the conditions (50,51). This may be useful for the study of
attractor flow equations for black holes in AdS.
3.4 Stable Bianchi attractors
In this section we will analyse the stability of the Bianchi attractors by studying
the behaviour of the solution in the r → 0 limit. We are interested in the question
which class of the Bianchi attractors can be stable attractor geometries in gauged
supergravity. This can be answered by looking at the near horizon behaviour of
the scalar fluctuations (48). From our analysis of the stress energy tensor in
gauged supergravity (26) we found that there is dependence on the fluctuations
and their derivatives at first order perturbation. Hence, we only require that the
fluctuations do not blow up near the horizon as that would backreact strongly
and deviate from the geometry. This requirement places some constraints on the
form of the metric itself as we explain in the rest of the section.
Both the solutions in (48) are given in terms of the Hankel functions, the
behaviour near the horizon can be determined by considering the asymptotic
expansions of the Hankel functions. Remember that the horizon for the Bianchi
metrics (34) is located at rˆ = 0 The form of the solution (48) makes it convenient
to use the asymptotic expansions of the Hankel functions, since from (45)X →∞
as rˆ → 0. The asymptotic expansions are given by,
H1νλ(X) ∼
√
2
πX
ei(X−
pi
2
(νλ+
1
2
))
H2νλ(X) ∼
√
2
πX
e−i(X−
pi
2
(νλ+
1
2
)). (52)
6We do not consider λ = 0 as that would leave the nature of the critical point undetermined.
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Substituting (52) in (48) we determine the behaviour of the fluctuation near the
horizon as,
f(X) ∼
(
X
2
)ν0− 12√ 1
π
[
C1e
i(X−pi
2
(νλ+
1
2
))
[
Γ(1− νλ)eiνλπ + Γ(1 + νλ)
]
+ C2e
−i(X−pi
2
(νλ+
1
2
))
[
Γ(1− νλ)e−iνλπ + Γ(1 + νλ)
]]
. (53)
Since X ∼ 1
rˆu0
and u0 > 0, there is a leading divergent term as rˆ → 0 unless
1− 2ν0
2
≥ 0, (54)
which can be rewritten as,
ν0 =
(1 +m)
2u0
=
∑
l clul
2u0
≤ 1
2
. (55)
Since c0 = 1, this implies, ∑
l,l 6=0
clul ≤ 0, (56)
which can never be satisfied without some of the exponents ul being negative.
Since we require a regular horizon, all the exponents have to be positive. Thus
the only possibility for which eq. (56) can be satisfied is
u0 6= 0, ul = 0 ∀ l 6= 0. (57)
The conditions on λ (50),(51) for the general solution (48) to exist can now be
written as,
− u
2
0
4
≤ λ < 0, (58)
for real νλ, and
λ < −u
2
0
4
, (59)
for imaginary νλ. To summarise, Bianchi attractors are stable against scalar
fluctuations about the attractor value for the class of metrics which satisfy the
condition (57).
The condition (57) is highly restrictive on the form of the Bianchi metrics.
In particular it follows from (57) that ν0 =
1
2
for any u0 > 0 and the scalar
fluctuations (53) do not diverge near the horizon.7 In particular this restricts the
metrics (34) to be of the form,
ds2 = L2
[
−rˆ2u0dtˆ2 + drˆ
2
rˆ2
+ ηijω
i ⊗ ωj
]
. (60)
7Note that there are still oscillatory terms in the fluctuation.
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Geometry λ u0 ul, l 6= 0 Stability
Lifshitz −34 3 1 no
Bianchi II −22
3
√
2 u1 = u2 =
1
2
√
2
no
Bianchi VI h < 0 −1 + 14h
3
− h2 1√
2
(1− h) u1 = − 1√2h, u2 = 1√2 no
Lifu0(2)×MI −5u
2
0
3
any u0 > 0 0 yes
AdS2 ×MI −53 1 0 yes
Lifu0(2)×MII −616
√
11
2
0 yes
Lifu0(2)×M* λ < 0 any u0 > 0 0 yes
Table 1: Bianchi attractor geometries in gauged supergravity, nature of critical
points and stability. The first three entries are for the solutions found in [17].
The next three entries are generalised attractors in U(1)R gauged supergravity
(C). The last entry with the * is the most general possible Bianchi attractor
geometry (60) that satisfies our stability criteria.
It is very interesting to note that the symmetry group of this metric form
factorises into a direct product of the (1 + 1) dimensional Lifshitz group and a
group in the Bianchi classification. This is similar to what happens for example in
four dimensional extremal black holes where the near horizon geometry factorises
as AdS2 × S2.
The simplest non-trivial example of this class is the Lifu0(2)×MI solution,
ds2 = L2
[
− rˆ2u0dtˆ2 + drˆ
2
rˆ2
+ (dxˆ2 + dyˆ2 + dzˆ2)
]
, (61)
one obtains the AdS2×R3 solution when u0 = 1. Another less trivial example is
the Lifu0(2)×MII solution,
ds2 = L2
[
− rˆ2u0dtˆ2 + drˆ
2
rˆ2
+ (dxˆ2 + dyˆ2 − 2xˆdyˆdzˆ + (xˆ2 + 1)dzˆ2)
]
. (62)
We have constructed the Lifu0(2)×MI for any u0 > 0 and a Lifu0(2)×MII
in a simple U(1)R gauged supergravity theory with one vector multiplet. These
solutions and the details of the theory are summarised in Appendix (C). It can
be seen from Table (1) that these solutions satisfy the stability criteria (57) and
hence are examples of stable Bianchi attractors in gauged supergravity.
The examples we constructed earlier in [17] have λ < 0 and exist at maxima
of the attractor potential. Therefore the condition (49) allows scalar fluctuations
about the attractor values. However as one can see from Appendix B.1 all the
metrics have some ul 6= 0 for l 6= 0 and do not satisfy (57). Hence the radial
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fluctuation of the scalar field diverges near the horizon for all these metrics. To
complicate matters further, as one can see from (26) the fluctuations and their
derivatives backreact on the geometry strongly. Thus there would be significant
deviation of the geometry even at the first order and we conclude that these
geometries are unstable attractors in the theory. These results are summarised
in Table (1).
4 Summary
We have studied the stability of Bianchi attractors in gauged supergravity by
considering scalar fluctuations about the attractor value. In general, the stress
energy tensor in a generic gauged supergravity depends on the scalar fluctuations
and their derivatives even at first order perturbation. Therefore, it is important
that the scalar fluctuations are well behaved near the horizon. In particular, if
there is a large backreaction then the geometry would deviate from the attractor
geometry. Hence the fluctuations must vanish as one approaches the horizon for
the attractor geometry to be stable.
We analysed the scalar fluctuation equations and found that the fluctuations
can exist in general when the attractor geometries in consideration exist at critical
points which, in the present case, correspond to maxima of the attractor potential.
By demanding that the fluctuations vanish as one approaches the horizon we
determined the conditions of stability for the metric. We found that the Bianchi
attractors are stable if the metric factorises as,
ds2 = L2
(
−rˆ2u0dtˆ2 + drˆ
2
rˆ2
)
+ L2
(
ηijω
i ⊗ ωj) , (63)
which is a subclass of the Bianchi attractors constructed by [11]. We refer to
this class of metrics as Lifu0(2)×M , where M refers to three dimensional mani-
folds invariant under the nine groups given by the Bianchi classification. We also
constructed explicit examples of Lifu0(2) ×MI and Lifu0(2) ×MII in a U(1)R
gauged supergravity using the generalised attractor procedure. As stated before,
these solutions exist for critical points which are maxima of the attractor poten-
tial and they satisfy all the conditions of stability. It would be interesting to
explore whether this is a generic feature of attractors in gauged supergravity or
an artifact of the models we are considering in this paper.
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A Tangent space and constant anholonomy
In this section of the appendices we describe notations and conventions used in
tangent space. We use Greek indices µ, ν, . . . = 0, 1, . . . , 4 to denote denote the
space time coordinates where as Latin indices a, b, . . . = 0, 1, . . . , 4 to denote the
tangent space coordinates. The tangent space and space time metrics are denoted
by ηab and gµν respectively with signature {−,+,+,+,+}. The vielbeins eaµ(x)
are related to the space time metric gµν by
gµν = e
a
µe
b
νη
ab. (64)
The covariant derivative with respect to the spin connection ωa,bc is denoted by
Da(ω). The covariant derivative is defined in terms of its action on spinors χα
Da(ω)χα = ∂aχα − 1
4
ω bca γbcχα, (65)
and on vectors V a
Da(ω)V
b = ∂aV
b + ω ba, cV
c. (66)
We introduce the one forms ea ≡ eaµdxµ associated with the vielbeins eaµ and
the corresponding dual vector fields e˜a ≡ eµa∂µ. The anholonomy coefficients are
defined to be the structure constants of Lie algebra associated with the duals
vector fields e˜a:
[e˜a, e˜b] ≡ c cab e˜c. (67)
They can also be expressed in terms of the vielbeins eaµ as
c cab = e
µ
ae
ν
b (∂νe
c
µ − ∂µecν) . (68)
In the absence of torsion the spin connection can uniquely be determined in
terms of the anholonomy coefficients using the relation:
ωa,bc =
1
2
[cab,c − cac,b − cbc,a], (69)
where ωa,bc = −ωa,cb and cab,c = −cba,c. It is straightforward to compute the
tangent space components of the Riemann tensor. It can be written in terms of
the anholonomy coefficients and the spin connection as:
R dabc = ∂aω
d
bc − ∂bω dac − ω eac ω dbe + ω ebc ω dae − c eab ω dec . (70)
For constant anholonomy coefficients the partial derivatives acting on the spin
connections vanish and as as result the curvature tensor is expressed entirely as
a function of the anholonomy coefficients.
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B Gauged supergravity with one vector multi-
plet:
In this section we will discuss one of the simplest gauged supergravity model
in five dimensions coupled to one vector multiplet constructed by Gunaydin and
Zagermann [37,38]. We will outline some of the important results derived by them
which are useful to study the generalised attractors. This gauged supergravity
model consists of one gravity multiplet, one vector multiplet and two tensor
multiplets with field contents:
{eaµ, ψiµ, AIµ, BMµν , λia˜, φx˜} , (71)
with the indices taking values such that i = 1, 2 ; µ = 0, . . . , 4 ; a = 0, . . . , 4 ;
I = 0, 1 ; M = 2, 3 ; x˜ = 1, 2, 3 and a˜ = 0, 1, 2, 3. Here ψiµ are the gravitinos, A
I
µ
are the vectors in the gravity and vector multiplets, λia˜ are the gaugini and BMµν
are antisymmetric tensors in the tensor multiplets. The scalars in the vector and
tensor multiplet are collectively written as φx˜. We also use the index I˜ to label
the vector and tensor multiplet indices collectively.
In five dimensional supergravity the moduli space of scalars hI˜ ≡ hI˜(φ) in
the vector and tensor multiplets parametrise a very special manifold S which is
described by a cubic surface:
N ≡ CI˜ J˜K˜hI˜hJ˜hK˜ = 1. (72)
In the present case the scalar manifold is given by the coset space:
S = SO(1, 1)× SO(2, 1)
SO(2)
(73)
The symmetry group of the scalar manifold S is G = SO(1, 1)× SO(2, 1). We
can gauge a subgroup of this symmetry group G as well as a subgroup of the
R-symmetry group SU(2)R. One possibility for gauging is the SO(2) ⊂ SO(2, 1)
symmetry of the scalar manifold using the graviphoton A0µ and the subgroup
U(1)R ⊂ SU(2)R using Aµ(U(1)R) = VIAIµ.
The symmetries of the scalar manifold can be made manifest by going to
a suitable basis such that hI˜ =
√
2
3
ξ I˜ |N=1 and hI˜ = 1√6 ∂∂ξI˜N |N=1. In such a
parametrisation, the constraint (72) takes the form
N(ξ) =
√
2ξ0[(ξ1)2 − (ξ2)2 − (ξ3)2] = 1, (74)
where,
ξ0 =
1√
2||φ||2 ; ξ
1 = φ1; ξ2 = φ2; ξ3 = φ3, (75)
and,
||φ||2 = (φ1)2 − (φ2)2 − (φ3)2 (76)
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is assumed to be positive so that the metrics aI˜ J˜ and gx˜y˜ are positive definite.
The non-vanishing components of CI˜J˜K˜ are given by C011 =
√
3
2
, C022 = C033 =
−
√
3
2
. The hI˜ are related to the fields φ in the Lagrangian through the following
relations,
h0 =
1√
3||φ||2 , h
1 =
√
2
3
φ1, h2 =
√
2
3
φ2, h3 =
√
2
3
φ3.
h0 =
1√
3
||φ||2, h1 = 2√
6
φ1
||φ||2 , h2 = −
2√
6
φ2
||φ||2 , h3 = −
2√
6
φ3
||φ||2 .
The moduli space metric has the expression
gx˜y˜ =

4(φ1)2||φ||−4 − ||φ||−2 −4φ1φ2||φ||−4 −4φ1φ3||φ||−4−4φ1φ2||φ||−4 4(φ2)2||φ||−4 + ||φ||−2 4φ2φ3||φ||−4
−4φ1φ3||φ||−4 4φ2φ3||φ||−4 4(φ3)2||φ||−4 + ||φ||−2


(77)
The Killing vector that generates the SO(2) symmetry is given by
K x˜0 =
{
− φ
1
||φ||2 ,
φ2
||φ||2 ,
φ3
||φ||2
}
. (78)
For convenience, we also give the matrix representation for aI˜ J˜ :

||φ||4 0 0 0
0 2(φ1)2||φ||−4 − ||φ||−2 −2φ1φ2||φ||−4 −2φ1φ3||φ||−4
0 −2φ1φ2||φ||−4 2(φ2)2||φ||−4 + ||φ||−2 2φ2φ3||φ||−4
0 −2φ1φ3||φ||−4 2φ2φ3||φ||−4 2(φ3)2||φ||−4 + ||φ||−2


(79)
The scalar potential of this model is given by,
V(φ) = g
2
8
[
[(φ2)2 + (φ3)2]
||φ||6
]
− 2g2R
[
2
√
2
φ1
||φ||2V0V1 + ||φ||
2V 21
]
. (80)
B.1 Generalised attractor solutions in Gauged supergrav-
ity with one vector multiplet.
We summarise the generalised attractor solutions found earlier in [17] for ref-
erence. Using the generalised attractor procedure, some explicit examples of
Bianchi attractors were constructed within the gauged supergravity model de-
scribed in the previous section. Firstly, the vaccum AdS5 solution is given by,
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ds2 = L2
[
− rˆ2dtˆ2 + drˆ
2
rˆ2
+ rˆ2(dxˆ2 + dyˆ2 + dzˆ2)
]
φ2c = 0, φ
3
c = 0, φ
1
c =
(√
2
V0
V1
) 1
3
, Λ = −6g2RV 21 (φ1c)2,
V0V1 > 0, 32
g2R
g2
V 20 ≤ 1, L2 = −
6
Λ
, (81)
where Λ is the cosmological constant. All the Bianchi examples exist at the same
critical values of the scalars for which there is also an AdS solution. All of them
are electrical and are sourced by a single time like gauge field (the graviphoton
A0µ)
A0tˆ = etˆ0¯A
00¯ =
rˆ−u0
L
A00¯. (82)
The Lifshitz solution is given by
ds2 = L2
[
− rˆ2u0dtˆ2 + drˆ
2
rˆ2
+ rˆ2(dxˆ2 + dyˆ2 + dzˆ2)
]
,
u0 = 3, L =
√
3
(φ1c)
4
g
, A00¯ =
√
2
3
1
(φ1c)
2
,
φ1c =
(√
2
V0
V1
) 1
3
, V0V1 > 0,
32
3(φ1c)
4
≤ 1. (83)
The Bianchi II solution is given by,
ds2 = L2
[
− rˆ2u0dtˆ2 + drˆ
2
rˆ2
+ rˆ2u2dxˆ2 + rˆ2(u1+u2)dyˆ2
− 2xˆrˆ2(u1+u2)dyˆdzˆ + [rˆ2(u1+u2)xˆ2 + rˆ2u1 ]dzˆ2
]
,
u0 =
√
2, u1 = u2 =
1
2
√
2
, L =
√
2
3
(φ1c)
4
g
, A00¯ =
√
5
8
1
(φ1c)
2
,
φ1c =
(√
2
V0
V1
) 1
3
, V0V1 > 0,
23
2(φ1c)
4
≤ 1. (84)
whereas the Bianchi VI solution is given by,
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ds2 = L2
[
− rˆ2u0dtˆ2 + drˆ
2
rˆ2
+ dxˆ2 + e−2xˆrˆ2u1dyˆ2 + e−2hxˆrˆ2u2dzˆ2
]
,
u0 =
1√
2
(1− h), u1 = − 1√
2
h, u2 =
1√
2
, L =
(φc1)
4
√
6g
(1− h),
A00¯ =
√
−2h
(−1 + h)2
1
(φ1c)
2
, h < 0, h 6= 0, 1,
φ1c =
(√
2
V0
V1
) 1
3
, V0V1 > 0,
8(3− h + 3h2)
(φ1c)
4(−1 + h)2 ≤ 1 (85)
C Bianchi attractors in U(1)R gauged supergrav-
ity
We consider a truncated version of the gauged supergravity model discussed
earlier with just U(1)R gauging. There is no gauging of the symmetries of the
scalar manifold and hence there are no tensors as well. The field content of the
reduced model is given by,
{eaµ, ψiµ, AIµ, λia˜, φ1}, (86)
with I = 0, 1 and I = 0 corresponds to the graviphoton as before. The field φ1 is
the scalar in the single vector multiplet. The gauge field combination used for the
U(1)R gauging is same as before. The potential of the U(1)R gauged supergravity
contains only terms proportional to g2R as there is no gauging of the symmetries
of scalar manifold and can be obtained by setting φ2 = φ3 = 0 in (80),
V(φ1) = −2g2R
[
2
√
2V0V1
φ1
+ (φ1)2V 21
]
. (87)
We show the embedding of the Lifu0(2)×MI solution, which has the form,
ds2 = L2
[
− rˆ2u0dtˆ2 + drˆ
2
rˆ2
+ dxˆ2 + dyˆ2 + dzˆ2
]
. (88)
When u0 = 1 we have the familiar AdS2 × R3 solution. We consider the gauge
field ansatz as before,
AItˆ = etˆ0¯A
I 0¯ =
1
Lrˆ
AI 0¯. (89)
For the U(1)R gauged supergravity the field equations at the attractor point for
the gauge field, scalar field and Einstein equation are read off by setting g = 0 in
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the corresponding field equations found for the general gauging considered in [17].
The gauge field equation has the form,
aIJ [ω
a
a, cF
cbJ + ω ba, cF
acJ ] = 0, (90)
and is identically satisfied for the gauge field ansatz considered above. The scalar
field equation is given by,
∂
∂φ1
[
Vattr(φ1, A10¯, A00¯)
]
= 0, Vattr(φ1, A10¯, A00¯) = V(φ1) + 1
4
aIJF
I
abF
Jab. (91)
At the critical point φ1c = (
√
2V0
V1
)
1
3 , it relates the parameters V0 and V1 to the
charges,
(A10¯)2 − 2(A00¯)2(φ1c)6 = 0. (92)
The Einstein’s equations are,
Rab − 1
2
Rηab = T
attr
ab , (93)
where
T attrab = Vattr(φ1, A10¯, A00¯)ηab − aIJF IacF cJb . (94)
At the attractor point, there are only two independent equations in the above
set,
3(A00¯)2u20(φ
1
c)
5 − 12
√
2L2g2RV0V1 = 0,
u20φ
1
c(−2 + 3(A00¯)2(φ1c)4) + 12
√
2L2g2RV0V1 = 0, (95)
Where we have used (92) for simplification. This can be solved to get,
L2 = − u
2
0
2Λ
, Λ = −6g2RV 21 (φ1c)2,
A00¯ =
1√
3(φ1c)
2
, A10¯ =
√
2
3
φ1c , (96)
where Λ is the AdS cosmological constant. Note that the Einstein equation does
not place additional constraints on any of the gauged supergravity parameters
V0, V1, gR, unlike in the other Bianchi cases considered here. We summarise the
solution,
ds2 = L2
[
− rˆ2u0dtˆ2 + drˆ
2
rˆ2
+ dxˆ2 + dyˆ2 + dzˆ2
]
,
A0tˆ =
1
Lrˆ
A00¯, A1tˆ =
1
Lrˆ
A10¯,
A00¯
A10¯
=
1
2
V1
V0
, L2 = − u
2
0
2Λ
,
Λ = −6g2RV 21 (φ1c)2, φ1c =
(√
2
V0
V1
) 1
3
, V0V1 > 0. (97)
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Note that the solution exists for any u0 > 0 and in particular, when u0 = 1
we get the familiar AdS2 × R3 solution.
The Lifu0(2)×MII metric has the form,
ds2 = L2
[
− rˆ2u0dtˆ2 + drˆ
2
rˆ2
+ dxˆ2 + dyˆ2 − 2xˆdyˆdzˆ + (xˆ2 + 1)dzˆ2
]
. (98)
We consider the same gauge field ansatz as for the previous case (89). As earlier,
the gauge field equations are identically satisfied. The attractor equations are
again same as (92) at the critical point. There are three independent Einstein
equations given by,
φ1c + 6(A
00¯)2(φ1c)
5 − 24
√
2L2g2RV0V1 = 0,
φ1c − 4u20φ1c + 4(A00¯)2u20(φ1c)5 + 24
√
2L2g2RV0V1 = 0,
−3φ1c − 4u20φ1c + 6(A00¯)2u20(φ1c)5 + 24
√
2L2g2RV0V1 = 0, (99)
where we have again used (92) for simplification. This set of algebraic equations
can be solved to get,
A00¯ =
√
2
u0(φ1c)
2
, A10¯ =
2φ1c
u0
,
u0 =
√
11
2
, L2 = − 13
4Λ
, (100)
where Λ is the AdS cosmological constant. We summarise the Lifu0(2)×MII as,
ds2 = L2
[
− rˆ2u0dtˆ2 + drˆ
2
rˆ2
+ dxˆ2 + dyˆ2 − 2xˆdyˆdzˆ + (xˆ2 + 1)dzˆ2
]
,
A0tˆ =
1
Lrˆ
A00¯, A1tˆ =
1
Lrˆ
A10¯,
A00¯
A10¯
=
1
2
V1
V0
, u0 =
√
11
2
,
L2 = − 13
4Λ
, Λ = −6g2RV 21 (φ1c)2, φ1c =
(√
2
V0
V1
) 1
3
, V0V1 > 0. (101)
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